Multi-centered ${\mathcal N}=2$ BPS black holes: a double copy
  description by Cardoso, Gabriel Lopes et al.
Multi-centered N = 2 BPS black holes:
a double copy description
G.L. Cardoso, S. Nagy and S. Nampuri
Center for Mathematical Analysis, Geometry and Dynamical Systems,
Department of Mathematics, Instituto Superior Técnico,
Universidade de Lisboa, Av. Rovisco Pais, 1049-001 Lisboa, Portugal
gcardoso@math.tecnico.ulisboa.pt , snagy@math.tecnico.ulisboa.pt , nampuri@gmail.com
ABSTRACT
We present the on-shell double copy dictionary for linearised N = 2 super-
gravity coupled to an arbitrary number of vector multiplets in four dimensions.
Subsequently, we use it to construct a double copy description of multi-centered
BPS black hole solutions in these theories in the weak-field approximation.
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1 Introduction
The search for a consistent description of gravitational degrees of freedom in terms of
gauge field theoretic states has been one of the most enduringly challenging approaches
to formulating a quantum theory of gravity. Hints of a gauge-gravity duality manifest
themselves in string theory in two prominent forms. Firstly, they emerge in constructions
of graviton amplitudes from gluon amplitudes [1–5], with and without supersymmetry.
Secondly and most remarkably, they appear as a holographic duality relating the path
integral of string theory in asymptotically AdS spacetimes with that of a lower dimensional
CFT (AdS/CFT) [6–8]. The holographic approach has been effective in understanding
non-perturbative gravitational states such as black holes in AdS spacetimes, while the
amplitude calculations encode gauge-gravity relations in flat spacetime. In light of this,
very recently, the authors initiated a program in [9] to capture information about the 4d
linearized ungaugedN = 2 supergravity theory in terms of two distinct gauge field theories.1
Specifically, a double field dictionary was developed to describe on-shell configurations in
a particular 4d N = 2 supergravity theory described by the prepotential F = −iX0X1,
consisting of supergravity coupled to a single vector multiplet. We then successfully tested
the dictionary on single-centered dyonic BPS black solutions in this theory in the weak-field
approximation.2 In this note, we take the inevitable next step in this program and generalize
the results of [9] by developing a double copy dictionary for on-shell configurations in 4d
1For a review of recent developments that identify symmetries of the supergravity Lagrangian with those
of field theory Lagrangians, see [10].
2For a different approach, see [11–14].
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N = 2 supergravity theories coupled to an arbitrary number nV of vector multiplets. We use
this dictionary to write down the explicit double copy expression for general multi-centered
dyonic BPS black holes in these theories, in the weak-field approximation.
This dictionary makes use of a convolution ? [15], by means of which one expresses
gravitational field configurations ϕG on the supergravity side in terms of field theory con-
figurations ϕ and ϕ˜,
ϕG = ϕ ? ϕ˜ . (1.1)
The double copy construction proceeds by tensoring an N = 2 super Yang-Mills (SYM)
multiplet with an N = 0 bosonic sector consisting of a gauge field together with nV −1 real
scalars. At the level of momentum states, it was shown in [16] that these are the multiplets
that are relevant for the double copy construction of these N = 2 supergravity theories.
This is displayed in Table 1, where we give the helicity eigenstates that result from the
tensoring.
The fields of the N = 2 SYM multiplet will generally transform in the adjoint of a
non-Abelian group G, and we allow the fields in the N = 0 bosonic sector to transform in
the adjoint of some (possibly different) group G˜. A so-called spectator field will have to be
included in the dictionary, in order to absorb the non-Abelian indices and reproduce the
correct number of on-shell degrees of freedom contained in nV vector multiplets coupled
to N = 2 supergravity. This spectator field, which we will denote by φ, transforms in the
bi-adjoint representation of G× G˜. In the presence of this spectator field, (1.1) is replaced
by
ϕG = ϕ
α ? φαα˜ ? ϕ˜
α˜ . (1.2)
By appropriately choosing the non-Abelian global groups, one ensures that all the inde-
pendent on-shell degrees of freedom of the supergravity side are captured by field theory
degrees of freedom. Let’s illustrate this with a simple example. In Table 1 we omitted the
explicit dependence on the spectator field, for the sake of notational simplicity. However,
from Table 1, we see that part of the dictionary for the supergravity scalar fields za will be
of the form
za ∝ σα ? φαα˜ ? σ˜α˜a , (1.3)
where za and σ are complex, and σ˜a are real. If we set G = G˜ = U(1), such that the
summation over α and α˜ is removed, we see that the right hand side of (1.3) does not
contain enough independent degrees of freedom to describe the complex supergravity scalars
za. However, if we allow G and G˜ to be non-Abelian, and given sufficiently large dimensions
for these groups, the za will be described by independent functions. In the double copy
procedure, we will always assume that we have picked G and G˜ such that no artificial
constraints are imposed between the degrees of freedom of the gravitational theory.
We now pause to comment on the spectator field: it was shown in [17] that the double
copy relation, given at the level of integrands for tree-level S-matrices, assumes the form
I(Grav) × I(Σ) = I(YM) × I(Y˜M), (1.4)
where Σ is a scalar in the bi-adjoint represenation of G× G˜, the non-Abelian gauge groups
of the two YM theories. A comparison with (1.2) (which, as we showed, is the correct
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expression for the field dictionary from the perspective of degrees of freedom counting)
suggests that the spectator field we use is related to the biadjoint scalar found in [17–19] as
φαα˜ = [Σ
−1]αα˜ , (1.5)
where Σ−1 is the convolution inverse of the scalar field Σ, defined by Σ−1 ? Σ = δ.
For the sake of notational simplicity, we will choose to omit the explicit dependence on
the spectator field throughout the rest of the paper.
The convolution ? that appears in (1.1) is defined in Cartesian coordinates, and is given
by
[f ? g](x) =
∫
d4yf(y)g(x− y) . (1.6)
It satisfies the following property, which we will use repeatedly when deriving the on-shell
double copy dictionary for linearised N = 2 supergravity with vector multiplets,
∂µ(f ? g) = (∂µf) ? g = f ? (∂µg) . (1.7)
A˜− A˜+ σ˜a
A− g− ϕ0 Aa−
λ−i ψ
−
i χ
+
i χ
a−
i
σ+, σ− A−0,1 A
+
0,1 z
a+, za−
λ+i χ
−
i ψ
+
i χ
a+
i
A+ ϕ1 g
+ Aa+
Table 1: On-shell (N = 2)SYM × [(N = 0)YM + (nV − 1)σ˜] = (N = 2)sugra + nV (N = 2)vector
We use the superconformal approach to N = 2 supergravity theories [20–24]. In this
approach, the complex scalar fields appearing on the supergravity side are denoted by
XI , with I = 0, . . . , nV . The physical scalar fields are denoted by zA = XA/X0, with
A = 1, . . . , nV . For the purpose of the double copy dictionary, we further split the latter
set into zA = (z1, za), where a = 2, . . . , nV .
The double copy dictionary is a dictionary for fluctuations around a fixed background.
On the supergravity side, we take the background to be given by flat spacetime, allowing for
the presence of constant scalar fields which we denote by 〈XI〉. On the field theory side, the
background is also taken to be flat spacetime. We then derive the double copy dictionary by
linearising the theories around these backgrounds. To keep the local symmetries manifest,
we work with field strengths on the gravity side, and we exhibit the double copy dictionary
for these quantities.
In the following, we begin by displaying the linearised on-shell supersymmetry trans-
formation rules that we will use to generate the double copy dictionary for all the fields
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involved.3 Then, we proceed to explain our double copy ansatz. Finally, we use the lin-
earised supersymmetry transformation laws to work out the double copy relations for the
supergravity fields. We verify that the linearised supersymmetry transformations on the su-
per Yang-Mills side reproduce the linearised supergravity transformation rules. We refer to
Appendix C for a detailed derivation of the double copy dictionary. Our on-shell dictionary
is summarized in (2.37). Finally, we use this dictionary (2.37) to obtain an explicit double
copy description of multi-centered dyonic BPS black hole solutions in N = 2 supergravity
coupled to an arbitrary number of vector multiplets. We refer to Appendix D for a brief
review of some of the features of these black hole solutions.
2 On-shell double copy dictionary for linearised N = 2 supergravity with
vector multiplets
We follow [9] and use the conventions given there. In particular, we refer to Appendix A
of [9] for a summary of the features of the superconformal approach to N = 2 supergravity
theories that we use. In deriving the on-shell double copy dictionary, we will repeatedly
use the property (1.7) as well as the linearised equations of motion for the fields involved.
We refer to Appendix C of [9] for a summary of the linearised equations of motion. These
have to be supplemented by the linearised equations of motion for the fields σ˜a in Table 1,
i.e. σ˜a = 0.
2.1 Linearised on-shell supersymmetry transformation laws
We begin by summarizing the linearised on-shell supersymmetry transformation rules that
we will use to generate the double copy dictionary for all the fields involved. As stated
above, we will omit the dependence on adjoint indices associated with the non-Abelian
global group G × G˜, for simplicity. We refer to [9], where this dependence is taken into
account.
On the field theory side, a rigid N = 2 vector multiplet transforms as follows under
on-shell supersymmetry transformations,
δAµ =
1
2
εij ¯iγµλj + h.c. ,
δλi = γ
µ∂µσi +
1
4
γµνF−µνεij
j ,
δσ =
1
2
¯iλi .
(2.1)
On the gravity side, the supergravity model is encoded in the prepotential function
F (X), with the complex scalar fields XI subjected to the Einstein frame constraint
NIJX
IX¯J = −1 , (2.2)
where
NIJ = −i
(
FIJ − F¯IJ
)
, FIJ =
∂2F (X)
∂XI∂XJ
. (2.3)
3We use the conventions of [25].
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We linearise the supergravity theory around a flat spacetime background with metric ηµν
and constant scalar fields 〈XI〉,
gµν = ηµν + hµν ,
XI = 〈XI〉+ δXI . (2.4)
For notational simplicity, we will denote the fluctuations δXI simply by XI in the following.
Then, the linearised on-shell Q-supersymmetry transformation rules are given by (dropping
pure gauge terms in the variation of the gravitini)
δQhµν = ¯
iγ(µψν)i + h.c. ,
δQψ
i
µ = −
1
4
γab∂[ah
−
b]µ
i − 1
16
T−αβγ
αβγµε
ijj ,
δQW
I
µ =
1
2
εij ¯iγµΩ
I
j + εij ¯
iψjµ〈X¯I〉+ h.c. ,
δQΩ
Ii = γµ∂µX¯
Ii +
1
4
γµνFI+µν εijj ,
δQX
I =
1
2
¯iΩIi ,
(2.5)
with
T−ab = 2
〈NIJ X¯J〉
〈NKL X¯KX¯L〉 F
I−
ab ,
FI+ab = F I+ab − 12〈XI〉T+ab .
(2.6)
Note that the U(1)-connection,
aµ = −1
2
(
FI∂µX¯
I − X¯I∂µFI + c.c.
)
, (2.7)
vanishes at the linearised level, see Appendix A. The gaugini ΩIi are constrained by the
linearised S-supersymmetry gauge fixing condition
〈X¯I NIJ〉ΩJi = 0 . (2.8)
2.2 On-shell double copy dictionary
As in [9], we work with field strengths, such as ψiµν = 2∂[µψiν], on the supergravity side. We
follow [9] and work in the Lorentz type gauge ∂µA˜µ = 0, for simplicity. In this gauge, we
write down the most general double copy ansatz for a linear combination of the supergravity
fermions that is compatible with Table 1,
aψiµν + 2bIγ[ν∂µ]Ω
Ii ≡ εijλj ? F˜µν + 2caγ[ν∂µ]λi ? σ˜a , (2.9)
where a, bI , ca denote complex constants. Here we recall that the σ˜a denote nV − 1 real
scalar fields.
In the following, we will repeatedly use the property (1.7) and the linearised equations
of motion to extract information from (2.9). Contracting (2.9) with γµ, using the equations
of motion for ψiµ and λi as well as the property (1.7), we obtain
2bI∂µΩ
Ii = εijγρλj ? ∂µA˜ρ + 2ca∂µλ
i ? σ˜a . (2.10)
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Next, we multiply (2.10) with γν and anti-symmetrise to get
2bIγ[ν∂µ]Ω
Ii = εijγ[νγ
ρλj ? ∂µ]A˜ρ + 2caγ[ν∂µ]λ
i ? σ˜a
= εijλj ? F˜µν − εijγργ[νλj ? ∂µ]A˜ρ + 2caγ[ν∂µ]λi ? σ˜a .
(2.11)
Now we substract the above from (2.9) to obtain
aψiµν = ε
ijγργ[νλj ? ∂µ]A˜ρ . (2.12)
In Appendix B we show that the expression (2.12) can be brought into the form
aψiµν = ε
ijλj ? F˜
−
µν . (2.13)
Then, inserting this into (2.9), yields
2bIγ[ν∂µ]Ω
Ii = εijλj ? F˜
+
µν + 2caγ[ν∂µ]λ
i ? σ˜a , (2.14)
which upon contraction with γµ gives
2bI∂µΩ
Ii = εijγρλj ? F˜
+
µρ + 2ca∂µλ
i ? σ˜a . (2.15)
Expressions (2.13) and (2.15) have to be consistent with the linearised equations of motion
for ψiµ, ΩIi, A˜µ and σ˜a . This is indeed the case, as can be easily checked, in a manner
similar to the checks in [9].
Next, following [9], we derive the double copy relations for the other supergravity fields
by applying supersymmetry transformations to the double copy relations (2.13) and (2.15).
This will be discussed in Appendix C. We obtain the following dictionary,
aR−µναβ = −
1
2
[
Fµν ? F˜
−
αβ + F
−
αβ ? F˜µν − 4η[α[µ∂ν]∂−β]Aρ ? A˜ρ
]
aψiµν = ε
ijλj ? F˜
−
µν
aT−µν = −4σ ? F˜−µν
bIFI+µν = −σ ? F˜+µν + caF+µν ? σ˜a
bI∂µΩ
Ii = εijγρλj ? F˜
+
µρ + 2ca∂µλ
i ? σ˜a
bI∂µX¯
I =
1
2
F−µρ ? A˜
ρ + ca∂µσ¯ ? σ˜
a
(2.16)
In the expression for the Riemann tensor, the anti-selfdual part is taken over the indices
αβ. The on-shell dictionary (2.16) is invariant under local Abelian transformations A →
A+dα, A˜→ A˜+dα˜ by virtue of ∂µFµν = 0 and α˜ = 0 (with the latter following from the
Lorentz gauge condition ∂ρA˜ρ = 0). In the absence of the fields σ˜a, the dictionary (2.16)
reduces to the one given in [9].
Next, we need to extract the double copy relations for the individual fields F Iµν , ΩIi
and XI from (2.16). We begin by making the following general ansatz for the anti-sefldual
part of F Iµν ,
F I−µν = k
Iσ ? F˜−µν + l
I σ¯ ? F˜−µν + r
I
aF
−
µν ? σ˜
a , (2.17)
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with kI , lI and rIa complex constants. Inserting this ansatz into the expression for T−
given in (2.6), and comparing with the double copy relation for T− given in (2.16), we infer
the constraints
a〈NIJX¯I〉kJ = −2〈NKLX¯KX¯L〉 ,
〈NIJX¯I〉lJ = 0 ,
〈NIJX¯I〉rJa = 0 .
(2.18)
Next, we verify the compatibility with the double copy dictionary for F+. Using (2.6) and
(2.16), we have
bIFI+µν = bIF I+µν −
1
2
bI〈XI〉T+µν = −σ ? F˜+µν + caF+µν ? σ˜a . (2.19)
Inserting (2.17) and the dictionary for T+ into this expression yields the constraints
bI
(
k¯I +
2
a¯
〈XI〉
)
= 0 ,
bI l¯
I = −1 ,
bI r¯
I
a = ca .
(2.20)
Next, we read off the dictionary for the individual gaugini ΩIi from the variation of the
field strengths F I−µν . Using (C.9), we have
δQF
I−
µν = ε
ij ¯iγ[ν∂µ]Ω
I
j + εij ¯
iψjµν〈X¯I〉 , (2.21)
while from (2.17) we infer,
δQF
I−
µν = k
IδQσ ? F˜
−
µν + l
IδQσ¯ ? F˜
−
µν + r
I
aδQF
−
µν ? σ˜
a . (2.22)
Using the relations (see Appendix C)
kIδQσ ? F˜
−
µν = −
a
2
kIεij ¯
iψjµν ,
lIδQσ¯ ? F˜
−
µν = −
1
2
lIεij ¯iεjkλ
k ? F˜−µν ,
rIaδQF
−
µν ? σ˜
a = rIaε
ij ¯iγ[ν∂µ]λj ? σ˜
a ,
(2.23)
we get for (2.22),
δQF
I−
µν = ε
ij ¯i
[
− l
I
2
εjkλ
k ? F˜−µν + r
I
aγ[ν∂µ]λj ? σ˜
a
]
− a
2
kIεij ¯
iψjµν . (2.24)
Comparing with (2.21) determines the value of kI ,
kI = −2〈X¯
I〉
a
, (2.25)
which satisfies the constraints (2.18) and (2.20), and also yields
γ[ν∂µ]Ω
I
j = −
lI
2
εjkλ
k ? F˜−µν + r
I
aγ[ν∂µ]λj ? σ˜
a . (2.26)
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Contracting (2.26) with γµ and using
γµγ[ν∂µ]Ω
I
j = −∂νΩIj , (2.27)
and similarly for the second term on the right hand side of (2.26), we obtain the double
copy relation for the gaugini ΩIj ,
∂µΩ
I
j =
lI
2
εjkγ
ρλk ? F˜−ρµ + r
I
a∂µλj ? σ˜
a . (2.28)
Conversely. it can be checked that (2.28) is consistent with (2.26). Moreover, (2.28) has to
be consistent with the dictionary entry in (2.16). Contracting (2.28) with bI and comparing
with (2.16) results in the conditions bI l¯I = −1 and bI r¯Ia = ca, which are precisely those in
(2.20).
Having determined the double copy expression for the gaugini ΩIi , we now subject it to
the S-supersymmetry constraint (2.8), which results in the conditions 〈X¯INIJ〉lJ = 0 and
〈X¯INIJ〉rJa = 0, which are precisely those in (2.18).
By repeatedly making use of the equation of motion for λk as well as of ∂µA˜µ = 0, we
derive the property
γρλk ? F˜−ρµ = γ
ρλk ? F˜ρµ , (2.29)
which, when applied to (2.28), results in
∂µΩ
I
i = −
lI
2
εijγ
ρλj ? ∂µA˜ρ + r
I
a∂µλi ? σ˜
a . (2.30)
This will be used below to infer the double copy expression for the individual XI , as follows.
We will use the notation δQϕ(Σ) to indicate that we are only considering terms in
the variation of a field ϕ that are proportional to Σ. Consider then the Q-supersymmetry
variation of ΩIi. Using (2.5), we have
δQ∂µΩ
Ii(X) = γρ∂µ∂ρX¯
Ii , (2.31)
while using the double copy expression (2.30), we have
δQ∂µΩ
Ii(X) = − l¯
I
2
εijγρδQλj(F ) ? ∂µA˜ρ + r¯
I
a∂µδQλ
i(σ) ? σ˜a
=
l¯I
8
γργ
αβF−αβ ? ∂µA˜ρ
i + r¯Iaγ
ρ∂µ∂ρσ¯ ? σ˜
ai .
(2.32)
Using the relation
γργ
αβF−αβ 
i = −4γαF−αρ i , (2.33)
we obtain
δQ∂µΩ
Ii(X) = γρ∂µ
(
− l¯
I
2
F−ρν ? A˜
ν + r¯Ia∂ρσ¯ ? σ˜
a
)
i . (2.34)
Comparing with (2.31), we infer the double copy expression for XI ,
∂µX¯
I = − l¯
I
2
F−µρ ? A˜
ρ + r¯Ia∂µσ¯ ? σ˜
a . (2.35)
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This has to be consistent with the dictionary entry in (2.16). Contracting (2.35) with bI
and comparing with (2.16) results again in the conditions bI l¯I = −1 and bI r¯Ia = ca, which
are precisely those in (2.20).
Next, we verify the consistency of (2.35) with the Einstein constraint (2.2). Differen-
tiating (2.2) once and linearising, we obtain
∂µNIJ〈XIX¯J〉+ 〈NIJX¯J〉∂µXI + 〈NIJXI〉∂µX¯J = 0 , (2.36)
which is satisfied by virtue of the special geometry relation FIJKXK = 0 and by virtue of
the constraints (2.18).
It is straightforward to check the consistency of the double copy expressions (2.17),
(2.28) and (2.35) with the equations of motion for the various fields involved. In addition,
one can show that both sides of these expressions transform identically under supersymme-
try. This is shown in Appendix C.
We summarize the resulting on-shell double copy dictionary for all the supergravity
fields,4
aR−µναβ = −
1
2
[
Fµν ? F˜
−
αβ + F
−
αβ ? F˜µν − 4η[α[µ∂ν]∂−β]Aρ ? A˜ρ
]
aψiµν = ε
ijλj ? F˜
−
µν
F I−µν = −2
〈X¯I〉
a
σ ? F˜−µν + l
I σ¯ ? F˜−µν + r
I
aF
−
µν ? σ˜
a
∂µΩ
I
i =
lI
2
εikγ
ρλk ? F˜−ρµ + r
I
a∂µλi ? σ˜
a
∂µX¯
I = − l¯
I
2
F−µρ ? A˜
ρ + r¯Ia∂µσ¯ ? σ˜
a ,
(2.37)
with the composite fields (2.6) expressed as
aT−µν = −4σ ? F˜−µν ,
FI+µν = l¯Iσ ? F˜+µν + r¯IaF+µν ? σ˜a .
(2.38)
The dictionary parameters lI and rIa have to satisfy the relations
〈NIJX¯I〉lJ = 0 ,
〈NIJX¯I〉rJa = 0 .
(2.39)
Thus, the double copy expressions (2.37) provide a consistent on-shell double copy
dictionary for linearised N = 2 supergravity coupled to an arbitrary number of vector
multiplets.
2.3 Dictionary parameters
Let us return to the double copy expression (2.35) for the scalar fields XI . At the linearised
level, when expressing XI in terms of zA = XA/X0, we get, using (A.18),
∂µX
I = ∂µz
A 〈DAXI〉 . (2.40)
4We remind the reader that the convolution is taken over a bi-adjoint spectator scalar φαα˜, as explained
in section 1. This is omitted in (2.37) for the sake of clarity.
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The double copy relation for the scalar fields XI becomes
∂µz
A 〈DAXI〉 = − l
I
2
F+µρ ? A˜
ρ + rIa∂µ (σ ? σ˜
a) , (2.41)
which suggests that lI and rIa are proportional to 〈DAXI〉. This, in turn, is consistent
with the constraint (2.39) by virtue of (A.23).
3 Double copy description of multi-centered BPS solutions
Next, we apply the double copy dictionary (2.37) to multi-centered dyonic BPS black hole
solutions in N = 2 supergravity coupled to an arbitrary number of vector multiplets. We
refer to Appendix D for a brief review of some of the features of these black hole solutions.
We work with Cartesian coordinates. The linearised metric gµν = ηµν + hµν is given
in (D.9). On the double copy side, we take the dictionary parameter a to be real, and we
express the metric fluctuation hµν as
a hµν = Aµ ? A˜ν +Aν ? A˜µ −
(
Aα ? A˜
α
)
ηµν . (3.1)
For the double copy ansatz we take,
Aµ =
(
aQ
r
,−aω1,−aω2,−aω3
)
, A˜µ =
(
δ(4)(x), 0, 0, 0
)
, (3.2)
which, when inserted into (3.1), generates the linearised metric fluctuation hµν given in
(D.9).5
Given (3.2), we compute
F−tj =
1
2
(
Ftj +
i
2
εjklF
kl
)
= −
(
aQ
2
∂j
1
r
+
i
2
aRj(ω)
)
, F˜−tj = −
1
2
∂jδ
4(x) , (3.3)
with Rj(ω) defined in (D.2). Next we recall that F = dA satisfies the BPS relations (see
subsection 3.1 of [9])
Ftj = −2k¯ ∂jRe σ , Fjk = −2k¯ εjkl∂lImσ , ∂tσ = 0 , (3.4)
and hence F−tj = −k¯ ∂jσ. Then, comparing with (3.3), we infer
k¯ ∂jσ =
aQ
2
∂j
1
r
+
i
2
aRj(ω) . (3.5)
This satisfies the equation of motion ∂j∂jσ = 0 (in the absence of sources).
Using the above, we compute
F+tν ? A˜
ν = 0 , F+jν ? A˜
ν = F+tj = −k ∂j σ¯ . (3.6)
5The Lorentz type condition ∂µA˜µ = 0 imposed in the derivation of the double copy dictionary is, in
fact, a special case of the more general constraint ∂µ
(
ϕ ? A˜µ
)
= 0, where ϕ is an arbitrary on-shell field in
the SYM sector, see [9]. We note that (3.2) satisfies this more general constraint.
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The above equation yields a double copy expression for the scalar fields XI as
∂tX
I = 0 , k¯ ∂jX
I =
lI
2
∂j σ¯ + k¯ r
I
a ∂j (σ ? σ˜
a) , (3.7)
while F I−tj becomes
F I−tj = −2
〈X¯I〉
a
σ ? F˜−tj + l
I σ¯ ? F˜−tj + r
I
aF
−
tj ? σ˜
a
=
〈X¯I〉
a
∂jσ − l
I
2
∂j σ¯ − k¯ rIa∂j (σ ? σ˜a) .
(3.8)
This we compare with the supergravity expression (D.12). Making use of (3.7) and of (3.5),
we find that both expressions match.
Using (D.10), we infer from (3.5),
k¯ ∂jσ =
a (Q+ ic)
2
∂j
1
r
. (3.9)
For the scalar fields σ˜a we take
σ˜a = βa δ(4)(x) , (3.10)
with βa real constants. This, together with (3.9) and (3.2), specifies the double field con-
figuration for multi-center BPS black holes. Inserting (3.10) in (3.7) gives
∂jX
I =
lI
2
k ∂j σ¯ + r
I
a β
a ∂jσ . (3.11)
The scalar field fluctuations XI take the form XI = ΣI/r, see Appendix D. Thus, both
∂jX
I and k¯ ∂jσ behave as ∂j(1/r). Then, from (3.11), we obtain
ΣI =
lI
4
a(Q− ic) + k r
I
a β
a
2
a(Q+ ic) . (3.12)
We note that we may simplify (3.12) by setting βa = 0, in which case σ˜a = 0. This results
in the determination of the lI as
lI =
4ΣI
a(Q− ic) =
4µA 〈DAXI〉
a(Q− ic) , (3.13)
where we used (A.18), and with ΣI and µA determined as in Appendix D.
Thus, we conclude that in the weak field approximation, dyonic multi-centered BPS
black hole solutions have a double copy description, based on (2.37), in terms of a charged
BPS field theory configuration specified by (3.2).
At this point, we recall (see the discussion in section 1) that we have omitted the
dependence on the spectator field for notational simplicity,
ϕ ? ϕ˜ ≡ ϕα ? φαα˜ ? ϕ˜α˜ . (3.14)
This dependence can be reinstated by taking, as we did in [9], Aαµ = Aµcα, A˜α˜µ = A˜µc˜α˜ and
φαα˜ = Vαα˜δ
4(x), with constants cα, c˜α˜, Vαα˜ normalised to cαVαα˜c˜α˜ = 1.
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Additionally, in section 1 we stated that the spectator field is to be thought of as the
convolution inverse of a bi-adjoint scalar field. The double copy prescription then requires
us to consider solutions for the bi-adjoint scalar theory (which we denoted by Σαα˜) and plug
their convolution inverse into the double copy (via φαα˜ = [Σ−1]αα˜). The spectator we have
chosen in this case (φαα˜ = Vαα˜δ4(x)) is to be interpreted as the inverse of a point-source6
Σαα˜ = Wαα˜δ4(x), such that Wαα˜Vαα˜ = 1.
Incidentally, the above discussion immediately points to the non-uniqueness of the
double-copy. Instead of choosing a point-source for A˜α˜µ (as given in (3.2)), one may choose
A˜α˜µ differently, for instance A˜α˜µ = (c˜α˜B(r), 0, 0, 0), together with a spectator field φαα˜ =
Vαα˜ [B(r)]
−1, to recover the same supergravity solution. In principle this allows for a more
symmetric treatment of the two YM gauge fields in (3.2).
4 Conclusions
In this note we have constructed a weak-field double copy dictionary for on-shell config-
urations in four-dimensional N = 2 supergravity theories consisting of gravity coupled to
an arbitrary number of vector multiplets and described multi-centered BPS black holes
using this double copy framework. The basic double copy dictionary relates a gravitational
on-shell field ϕG to a convolution of on-shell field theory fields ϕ and ϕ˜ as
ϕG =
∫
d4y ϕ(y)ϕ˜(x− y) , (4.1)
where the spectator field is suppressed for notational simplicity . In holographic gauge-
gravity duality, a bulk gravitational operator is constructed from the corresponding holo-
graphic boundary operator by convolving it with a so-called non-local smearing function,
which acts as a bulk-boundary propagator. Hence, the holographic relation obtained be-
tween the bulk and boundary quantities is similar to (4.1) with the second factor in the
integrand, ϕ˜(x − y), playing the role of the bulk-boundary propagator. This might indi-
cate a potential handle on the long-standing problem of developing a holographic duality
for asymptotically flat backgrounds. In parallel to the usual holographic dictionary, the
local field in the convolution integral is a normalizable fluctuation of the ’bulk’ field. One
essential check on this potential holographic perspective is to investigate whether the BMS
asymptotic symmetry group at null infinity [31]7 corresponds, via the double copy dictio-
nary, to an asymptotic symmetry group of the SYM field theory sector that appears in the
double copy dictionary. A positive answer to this question will set the ground for exploring
whether the states in the gravitational theory are organized in terms of symmetries of the
gauge theory with appropriate gauge-gravity propagators. Strictly speaking, this will not
be a holographic duality as the gauge field lives in the same dimension of spacetime as the
gravitational configurations in question. But it should be viewed as a putative gauge-gravity
correspondence, which, if established consistently, will encode gravitational configurations
6We recall that the delta function is its own convolution inverse δ ? δ = δ.
7These correspond to diffeomorphisms that preserve the asymptotic metric but are not isometries of the
full spacetime, and hence only encode information about the spacetime in the weak-field approximation.
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in terms of gauge degrees of freedom in the same spirit as the holographic AdS/CFT cor-
respondence. These open questions present promising avenues of research which will be
pursued in the near future.
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A Special geometry
We review a few elements of special geometry [23, 26].
The Einstein frame constraint
i
[
X¯IFI −XI F¯I
]
= 1 , I = 0, . . . , nV , (A.1)
can be solved by setting
X0 = eK/2X0(z) , XA = eK/2X0(z) zA , A = 1, . . . , nV , (A.2)
where
K = Kˆ − lnX0(z)− ln X¯0(z¯) , (A.3)
with
Kˆ = − ln [−z¯I zJ NIJ] (A.4)
and
NIJ = −i
(
FIJ − F¯I¯J¯
)
, (A.5)
and we defined
zI =
XI
X0
. (A.6)
Observe that
|X0|2 = eKˆ . (A.7)
The holomorphic transformation
X0(z)→ e−f(z)X0(z) (A.8)
induces a Kähler transformation,
K → K + f + f¯ . (A.9)
Note that zI and Kˆ are inert under this transformation, while the XI transform with a
U(1) phase,
XI → e−(f−f¯)/2XI . (A.10)
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The U(1) connection (2.7), when expressed in terms of zA and z¯A, equals
aµ =
i
2
(
∂µz
A ∂AK − ∂µz¯A ∂A¯K
)
, ∂A =
∂
∂zA
, ∂A¯ =
∂
∂z¯A
. (A.11)
Kähler covariant derivatives of XI are defined by
DAX
I = ∂AX
I +
1
2
(∂AK) X
I ,
DA¯X
I = ∂A¯X
I − 1
2
(∂A¯K) X
I . (A.12)
Using (A.2), it follows that
DA¯X
I = 0 . (A.13)
Then we obtain
∂µX
I = ∂µz
ADAX
I + iaµX
I . (A.14)
At the linearised level, the U(1) connection vanishes, as follows. Consider the linearised
S-supersymmetry gauge fixing condition (2.8). Taking a Q-supersymmetry of (2.8) results
in
γµ〈XI NIJ〉∂µX¯Ji + 1
4
γµν〈XI NIJ〉FJ+µν εijj = 0 . (A.15)
Using (2.6), one verifies that the second term vanishes, and hence from (A.15) one infers
〈XI NIJ〉∂µX¯J = 0 . (A.16)
Since, at the linearised level, the U(1) connection (2.7) reads
aµ = − i
2
〈XINIJ〉∂µX¯J + c.c. , (A.17)
it vanishes by virtue of (A.16). Hence, at the linearised level, (A.14) becomes
∂µX
I = ∂µz
A 〈DAXI〉 . (A.18)
Next, let us compute DAXI ,
DAX
0 = ∂AKˆ X
0 ,
DAX
B = δBA X
0 + ∂AKˆ X
B , (A.19)
where we used (A.2). Using these expressions, we compute
X¯INIJDAX
J = X¯INIJX
J ∂AKˆ + X¯
INIAX
0 = −∂AKˆ + X¯INIAX0 . (A.20)
Using (A.4), we infer
∂
∂zA
e−Kˆ = −∂AKˆ e−Kˆ = −z¯INIA , (A.21)
where we used the special geometry relation FIJKXK = 0. Hence
∂AKˆ = z¯
INIA e
Kˆ = X¯INIAX
0 , (A.22)
where we used (A.7). It follows that (A.20) vanishes,
X¯INIJDAX
J = 0 . (A.23)
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B Double copy expressions for the gravitini
Here we prove that the double copy expression (2.13) for the gravitini
aψiµν = ε
ijλj ? F˜
−
µν (B.1)
can be brought into the form (2.12)
aψiµν = ε
ijγργ[νλj ? ∂µ]A˜ρ, (B.2)
by making use of the equation of motion for λj and the Lorentz gauge condition ∂µA˜µ = 0.
We start with
aψiµν = ε
ijλj ? F˜
−
µν
= εijλj ?
1
2
[
F˜µν +
i
2
εµναβF˜
αβ
]
= εij
[
A + B
]
.
(B.3)
Now we use −iεµναβ = γµναβγ5 and γ5λj = λj to write
B = −1
2
γµναβλj ? ∂
αA˜β . (B.4)
Then we use γµναβ = γαβµν = 12 [γα, γβµν ], together with the equation of motion for λj to
get
B = −1
4
γαγβµν∂
αλj ? A˜
β
= −1
8
γαγβγµν∂
αλj ? A˜
β − 1
8
γαγµνγβ∂
αλj ? A˜
β
= B1 + B2 .
(B.5)
Then
B1 = − 1
16
γαγβγµγν∂
αλj ? A˜
β − (µ↔ ν)
= 0 +
1
16
γβγαγµγν∂
αλj ? A˜
β − (µ↔ ν)
=
1
8
γβγν∂µλj ? A˜
β − 1
16
γβγµγαγν∂
αλj ? A˜
β − (µ↔ ν)
=
1
8
γβγν∂µλj ? A˜
β − 1
8
γβγµ∂νλj ? A˜
β − (µ↔ ν)
=
1
2
γργ[ν∂µ]λj ? A˜ρ ,
(B.6)
and the second term is
B2 = − 1
16
γαγµγνγβ∂
αλj ? A˜
β − (µ↔ ν)
= −1
8
γαγµ∂
αλj ? A˜ν +
1
16
γαγµγβγν∂
αλj ? A˜
β − (µ↔ ν)
= −1
4
λj ? ∂µA˜ν +
1
8
γαγν∂
αλj ? A˜µ − (µ↔ ν) + B1
= −1
2
λj ? F˜µν + B1
= − A + B1 .
(B.7)
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Thus we obtain
aψiµν = ε
ij
[
A + B
]
= 2εij B1
= εijγργ[ν∂µ]λj ? A˜ρ ,
(B.8)
which matches (2.12).
C Dictionary derivation
In subsection 2.2 we determined the double copy expression for ψiµν and ∂µΩIi. Here, we
first derive the dictionary for the other field strengths appearing in the dictionary (2.16).
We will use the notation δQϕ(Σ) to indicate that we are only considering terms in the
variation of a field ϕ that are proportional to Σ. We refer to appendix A of [9] for a
summary of the conventions we use.
We begin by working out the double copy expressions for T−µν and FI+µν , defined in
(2.6). The derivation of the double copy expression for T−µν is analogous to the one given in
appendix D of [9], so we refrain from repeating it here. The double copy expression for FI+µν
is obtained from the supersymmetry variations of the gaugini ΩIi. Using (2.5), we have
2bIδQ∂µΩ
Ii(F) = 1
2
γαβ∂µ(bIFI+αβ )εijj . (C.1)
We match this with the supersymmetry variation on the double copy side. Using the
convolution property (1.7), we obtain
2bIδQ∂µΩ
Ii(F) = εijγρδQλj(σ) ? ∂µA˜ρ + 2ca∂µδQλi(F ) ? σ˜a
= γργα∂ασ ? ∂µA˜ρε
ijj +
ca
2
∂µ(γ
αβF+αβ) ? σ˜
aεijj
= γργα∂µ(σ ? ∂αA˜ρ)ε
ijj +
ca
2
∂µ(γ
αβF+αβ) ? σ˜
aεijj ,
(C.2)
Making use of ∂ρA˜ρ = 0, we obtain
2bIδQ∂µΩ
Ii(F) = −1
2
γρα∂µ(σ ? F˜ρα)ε
ijj +
ca
2
∂µ(γ
αβF+αβ) ? σ˜
aεijj
= −1
2
γαβ∂µ(σ ? F˜
+
αβ − caF+αβ ? σ˜a)εijj .
(C.3)
Then, comparing (C.1) and (C.3), we find
bIFI+µν = −σ ? F˜+µν + caF+αβ ? σ˜a . (C.4)
Next, we derive the double copy dictionary for the scalars XI . We make use of the
supersymmetry transformation of the gaugino (2.5) to write
2bIδQ∂µΩ
Ii(X) = 2bIγ
ρ∂µ(∂ρX¯
I)i . (C.5)
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We will compare this with the supersymmetry variation on the double copy side,
2bIδQ∂µΩ
Ii(X) = εijγρδQλj(F ) ? ∂µA˜ρ + 2ca∂µδQλ
i(σ) ? σ˜a
= −1
4
γργ
αβF−αβ ? ∂µA˜
ρi + 2caγ
ρ∂µ∂ρσ¯ ? σ˜
ai .
(C.6)
Using the relation (2.33), we obtain
2bIδQ∂µΩ
Ii(X) = γαF−αρ ? ∂µA˜
ρi + 2caγ
ρ∂µ∂ρσ¯ ? σ˜
ai
= γρ∂µ(F
−
ρν ? A˜
ν + 2ca∂ρσ¯ ? σ˜
a)i .
(C.7)
Then, comparing (C.5) and (C.7), we read off the dictionary for the scalar XI ,
bI∂µX¯
I =
1
2
F−µρ ? A˜
ρ + ca∂µσ¯ ? σ˜
a . (C.8)
Finally, we note that the derivation of the double copy expression for the Riemann tensor
is analogous to the one given in appendix D of [9], so we refrain from repeating it here. We
have thus derived the double copy expressions in the dictionary (2.16).
In deriving the dictionaries (2.16) and (2.37), we used the supersymmetry variation of
the double copy expressions of some of the fields involved. We now check that both sides
of the expressions in the dictionary (2.37) transform consistently under supersymmetry.
To this end, we will use the following supergravity relations that hold at the linearized
level,
δQF
I−
µν = ε
ij ¯iγ[ν∂µ]Ω
I
j + εij ¯
iψjµν〈X¯I〉 ,
δQT
−
µν = 2εij ¯
iψjµν ,
δQFI+µν = εij ¯iγ[ν∂µ]ΩIj .
(C.9)
Let us first consider δQT−µν ,
aδQT
−
µν = −4δQσ ? F˜−µν
= −2¯iλi ? F˜−µν
= −¯iλi ? F˜µν + ∗(¯iλi ? F˜µν) .
(C.10)
Now we make use of (2.9) to write
¯iλi ? F˜µν = −aεij ¯iψjµν − 2bIεij ¯iγ[ν∂µ]ΩIj + 2caεij ¯iγ[ν∂µ]λj ? σ˜a . (C.11)
One can prove that the relations
∗(εij ¯iγ[ν∂µ]χj) = −εij ¯iγ[ν∂µ]χj ,
∗(εij ¯iγ[ν∂µ]χj) = εij ¯iγ[ν∂µ]χj ,
(C.12)
and
∗(εij ¯iψµνj) = εij ¯iψµνj ,
∗(εij ¯iψjµν) = −εij ¯iψjµν ,
(C.13)
hold on-shell at the linearised level. We use them to obtain
∗(¯iλi ? F˜µν) = aεij ¯iψjµν − 2bIεij ¯iγ[ν∂µ]ΩIj + 2caεij ¯iγ[ν∂µ]λj ? σ˜a , (C.14)
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and thus
aδQT
−
µν = 2aεij ¯
iψjµν , (C.15)
which matches the supergravity relation (C.9).
Next, we check the supersymmetry variation of bIFI+µν . Using (C.9), we infer
bIδQFI+µν = bIεij ¯iγ[ν∂µ]ΩIj , (C.16)
while from the double copy side we have
bIδQFI+µν = −δQσ ? F˜+µν + caδQF+µν ? σ˜a . (C.17)
We obtain
−δQσ ? F˜+µν = −
1
2
¯iλi ? F˜
+
µν
= −1
4
¯iλi ? F˜µν − 1
4
∗(¯iλi ? F˜µν)
= bIεij ¯
iγ[ν∂µ]Ω
Ij − caεij ¯iγ[ν∂µ]λi ? σ˜a
(C.18)
where we used (C.11) and (C.14). Using
δQF
+
µν ? σ˜
a = εij ¯
iγ[ν∂µ]λ
j ? σ˜a , (C.19)
we obtain for (C.17),
bIδQFI+µν = bIεij ¯iγ[ν∂µ]ΩIj , (C.20)
which matches (C.16).
Next, we consider the supersymmetry variation of XI . On the supergravity side we
have
δQ∂µX
I =
1
2
¯i∂µΩ
I
i , (C.21)
whereas on the double copy side, using (2.35), we get
δQ∂µX
I = − l
I
2
δQF
+
µρ ? A˜
ρ + rIaδQ∂µσ ? σ˜
a
= − l
I
2
εij ¯
iγ[ρ∂µ]λ
j ? A˜ρ +
1
2
rIa∂µ¯
iλi ? σ˜
a
= − l
I
4
εij ¯
iγρ∂µλ
j ? A˜ρ +
1
2
rIa∂µ¯
iλi ? σ˜
a
=
1
2
¯i∂µΩ
I
i ,
(C.22)
where we used (C.19) and ∂ρA˜ρ = 0. We thus have agreement with (C.21).
Next, we turn to the supersymmetry variation of the gaugini. On the supergravity side
we have
δQ∂µΩ
I
i (F) =
1
4
γρσ∂µFI−ρσ εijj , (C.23)
18
while from the double copy we get,
δQ∂µΩ
I
i (F) = −
lI
2
εijγ
ρδQλ
j(σ) ? ∂µA˜ρ + r
I
aδQλi(F ) ? ∂µσ˜
a
= − l
I
2
εijγ
ργσ∂σσ¯ ? ∂µA˜ρ
j +
1
4
rIaγ
ρσF−ρσ ? ∂µσ˜
aεij
j
=
lI
4
γρσ∂µσ¯ ? F˜
−
ρσεij
j +
1
4
rIaγ
ρσF−ρσ ? ∂µσ˜
aεij
j
=
1
4
γρσ∂µ
[
lI σ¯ ? F˜−ρσ + r
I
aF
−
ρσ ? σ˜
a
]
εij
j
=
1
4
γρσ∂µ
[
F I−ρσ − kIσ ? F˜−ρσ
]
εij
j ,
(C.24)
where to get to the last line we used (2.17). Next we recall that pI = −2 〈X¯I〉a to obtain
δQ∂µΩ
I
i (F) =
1
4
γρσ∂µ
[
F−ρσ −
1
2
〈X¯I〉T−ρσ
]
εij
j
=
1
4
γρσ∂µFI−ρσ εijj ,
(C.25)
which matches (C.23).
Finally, we remark that both sides of the double copy expression for the Riemann tensor
transform consistently under supersymmetry.
D Multi-centered dyonic BPS black hole solutions
In Cartesian coordinates, multi-centered BPS black hole solutions are described by the line
element,
ds2 = −e2g(dt+ ωi dxi)2 + e−2gdxidxi , (D.1)
with i = 1, 2, 3. Here, both g and ~ω are independent of t. We define
R(ω)i = εi
jk ∂jωk . (D.2)
The warp factor g(xi) is determined by
e−2g = i(Y¯ IFI(Y )− Y I F¯I(Y¯ )) . (D.3)
Here FI(Y ) = ∂F (Y )/∂Y I , with the Y I defined by [27]
Y I = e−gXI k¯ , (D.4)
where k denotes a U(1) compensating phase. The Y I are determined through the attractor
mechanism [28] by the attractor equations
Y I − Y¯ I = iHI ,
FI(Y )− F¯I¯(Y¯ ) = iHI ,
(D.5)
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where the (HI , HI) denote multi-centered harmonic functions with multiple centers located
at ~xl with electric charges qlI and magnetic charges pIl ,
HI = hI +
∑
l
qlI
|~x− ~xl| , H
I = hI +
∑
l
pIl
|~x− ~xl| , (D.6)
with integration constants hI ∈ R, hI ∈ R. The quantity R(ω)j is expressed in terms of the
harmonic functions as R(ω)j = HI∂jHI − HI∂jHI . Static black holes satisfy HI∂jHI −
HI∂jH
I = 0 [29].
These black holes are supported by gauge fields F Iµν given by [27, 30]
F I−tj = −eg
[
∂j
(
k¯XI
)
+ (∂jg) kX¯
I − i
2
e2g R(ω)j
(
k¯XI + kX¯I
)]
. (D.7)
The compensating phase k satisfies the constraint
k¯∂jk + iaj = − i
2
e2g R(ω)j , (D.8)
where aµ denotes the U(1) connection (2.7).
Now consider the linearised solution, which is obtained for large r = |~x|. Denoting
e2g = 1−Q/r +O(1/r2), we obtain for the line element,
ds2 = ηµνdx
µdxν +
Q
r
(dt2 + dxidxi)− 2ωidxidt . (D.9)
The resulting metric is of form gµν = ηµν+hµν , with background metric ηµν = diag(−1, 1, 1, 1)
and metric fluctuation hµν . At the linearised level, the harmonic functions HI and HI are
given by HI = hI + qI/r, HI = hI + pI/r, with qI =
∑
l qlI , p
I =
∑
l p
I
l , while R(ω)j is
given by
R(ω)j = c ∂j
1
r
, c = hIqI − hIpI . (D.10)
The gauge fields F Iµν become
F I−tj = −∂j
(
k¯XI
)
+
Q
2
(∂j
1
r
) 〈kX¯I〉+ i
2
R(ω)j 〈k¯XI + kX¯I〉 . (D.11)
The components F Itj and F
I
ij are obtained by linear combinations of F
I±
tj . Now we recall
that the U(1) connection aµ vanishes at the linearised level, see Appendix A. Then, using
(D.8), we infer k¯∂jk = − i2 R(ω)j at the linearised level. Using this in (D.11), we obtain
F I−tj = −k¯ ∂jXI +
Q
2
(∂j
1
r
) 〈kX¯I〉+ i
2
R(ω)j 〈kX¯I〉 , (D.12)
and hence, using (D.10),
F I−tj = −k¯ ∂jXI +
(Q+ ic)
2
(∂j
1
r
) 〈kX¯I〉 . (D.13)
At the linearised level, the scalar fields Y I take the form Y I = 〈Y I〉 + YI/r, where
〈Y I〉 denotes the asymptotic value of Y I , and where the YI are expressed in terms of the
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charges (qI , pI) as well as in terms of the constants (hI , hI) that appear in the harmonic
functions (D.6). Accordingly, the scalar fields zA = Y A/Y 0, introduced in (A.6), take the
form
zA = 〈zA〉+ µ
A
r
, (D.14)
where 〈zA〉 denotes the asymptotic value of zA, and the µA are expressed as
µA =
YA − 〈zA〉 Y0
〈Y 0〉 . (D.15)
Using (D.4), the scalar field fluctuations XI are then given by
XI =
ΣI
r
, (D.16)
with
ΣI = YI k − 1
2
Q〈XI〉 . (D.17)
The values ΣI can thus be determined explicitly in any given model by solving the attractor
equations (D.5).
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